This work deals with the violation or retention of symmetries associated with the self-adjoint extension of the Hamiltonian for homogeneous but anisotropic Bianchi I cosmological model. This extension is required to make sure the quantum evolution is unitary. It is found that the scale invariance is lost, but the Noether symmetries are preserved.
The purpose of this letter is to look at the price for the self-adjoint extension, in terms of symmetry. We shall look at two aspects, one is the scale invariance and the other being the Noether symmetry. We shall deal with one example, the Bianchi I cosmological model which is the simplest anisotropic cosmological model, but brings out the associated physical content quite comprehensively.
We start with the action
in a four dimensional space-time manifold M. R is the Ricci Scalar, K ab is extrinsic curvature and h ab is induced metric on the boundary ∂M . The first two terms correspond to the gravity sector and third term is due to a perfect fluid which is taken as the matter constituent of the universe, P is the pressure of the fluid. We have chosen our units such that 16πG = 1. The second part will not contribute in the Euler-Lagrange equations as there is no variation in the boundary.
Bianchi I metric is given as
With this metric, the gravity sector of the action can be written as
As the metric components do not depend on spatial coordinates, the spatial volume integrates out as a constant and will not participate in the subsequent calculations. Also, the boundary term is ignored as that does not contribute to the variation of the action.
A transformation of variables as
will make the Lagrangian in equation (3) look like,
The generator for Lagrangian (7) can be written as:
where b i (β j )s (i, j = 0, +, −) are to be determined from the Noether symmetry condition £ X L g = 0 (9) meaning the Lie derivative of the Lagrangian with respect to X is zero.
This condition yields the set of equations
The solution for this set of equations can be written as
A coordinate transformation of the form χ = e − 3 2 (α−1)β0 transforms the Lagrangian density given in (7) to the form
The work of Pal and Banerjee [5] shows that this transformation at the classical level gives rise to a Hamiltonian which is self-adjoint, and thus the evolution of the system is unitary. It deserves mention that normally the unitarity is achieved by means of an operator ordering, which is not unique [11] . Thus the most unambiguous example would be the one if one can effect a coordinate transformation at the classical level so that the operator ordering is irrelevant at the quantum level. The present example is exactly that and this is one good reason for choosing Bianchi I at the outset. For a very brief review of various aspects of factor ordering, we refer to [12] .
It is now required to check whether the Noether symmetry corresponding to L g is retained in L gT .
The corresponding generator for the Lagrangian as in equation (16) can be written as,
where q i (χ, β j ) (i, j = 0, +, −) are to be determined from the Noether symmetry condition £ X L gT = 0, which in this case gives following partial differential equations,
Solution to above three equations can be given as,
It is easy to check that the solution to Noether symmetry conditions for both Lagrangian match exactly with the identification
Thus we conclude that the self-adjoint extension, which requires a transformation of variable at the classical level, preserves the Noether symmetry.
With the new variable χ, one can write down the Hamiltonian for the gravity sector coressponding to the Lagrangian L gT as
which is the Hamiltonian for an inverse square potential. Now, it is well known that for an inverse square potential, the scale invariance is actually lost! So by effecting the self-adjoint extension, one has to lose the scale invariance. So apparently this is the price for securing unitarity! However, this should not perhaps be considered too costly, as there is indeed an incompatibility between hermiticity and scale invariance in general. This has been proved very elegantly by Pal [13] . So this is not at all an artefact of anisotropic quantum cosmology.
Thus achieving unitarity in quantum cosmological models in the Wheeler-DeWitt scheme does not seem to be too costly.
